In this paper we study a model for HIV and TB coinfection. We consider the integer order and the fractional order versions of the model. Let a 2 ½0:78; 1:0] be the order of the fractional derivative, then the integer order model is obtained for a ¼ 1:0. The model includes vertical transmission for HIV and treatment for both diseases. We compute the reproduction number of the integer order model and HIV and TB submodels, and the sta-bility of the disease free equilibrium. We sketch the bifurcation diagrams of the integer order model, for variation of the average number of sexual partners per person and per unit time, and the tuberculosis transmission rate. We analyze numerical results of the fractional order model for different values of a, including a ¼ 1. The results show distinct types of transients, for variation of a. Moreover, we speculate, from observation of the numerical results, that the order of the fractional derivative may behave as a bifurcation parameter for the model. We conclude that the dynamics of the integer and the fractional order versions of the model are very rich and that together these versions may provide a better understanding of the dynamics of HIV and TB coinfection.
Introduction

Tuberculosis (TB) is an infectious disease caused by the bacteria Mycobacterium tuberculosis (MTB)
. It is transmitted through droplet transmission, when people suffering from pulmonary TB expel bacteria, for example, by coughing. In general, a relatively small proportion of people infected with MTB develops active TB, but this proportion is much higher in people with impaired immunity.
TB is a major health problem worldwide. Annually, 9 million of new TB cases are estimated throughout the globe. TB is particularly severe in certain populations, since it appears associated with poverty and the syndrome of immunodeficiency virus (HIV)/AIDS coinfection. In 1993, the World Health Organization (WHO) declared TB a global emergency by its overall size and consequences, namelly its association with HIV/AIDS, and the emergence of multidrug-resistance. The Global Plan to Stop TB [28] indicates the goals to be achieved in the 'war' against TB. Some of these goals are to determine strategies and costs associated with multidrug-resistant TB, reduce consequences of coinfection with HIV, to aid laboratories to develop research on TB in a consistent and coordinated way, amongst others.
Treatment of TB is achieved through antibiotics. Treatment takes at least six months and is increasingly hampered by multidrug-resistance. There are 6 types of multidrug-resistant TB [28] . The treatment for TB has had a success rate of 87% worldwide. In EU/EEA this success rate drops to 74.3% [7] . Treatment success had been achieved in 76.8% of new pulmonary TB cases, 53.7% of previously treated cases, and 31.6% of multidrug-resistant TB cases. Some first-line drugs used to treat TB are rifampicin, isoniazid,pyrazinamide, ethambutol. The second line drugs includes amikacin, capreomycin, cycloserine, azithromycin, clarithromycin, moxifloxacin, levofloxacin. The exposed individuals are treated with isoniazid.
The human immunodeficiency virus (HIV) is a retrovirus that causes acquired immunodeficiency syndrome (AIDS), characterized as progressive failure of the immune system. AIDS leaves the human body vulnerable to life-threatening opportunistic infections and cancers. The modes of transmission include unprotected sexual intercourse, sharing of needles and syringes for injecting drugs, mother-to-child transmission, and the transfusion of contaminated blood or its products.
HIV treatment is based on the use of antiretroviral drugs (ART), to reduce its spread and AIDS-related mortality. These drugs act on the body slowing down HIV replication. It is recommended, usually three or more drugs to reduce viral load [27] . In what concerns vertical transmission (from mother to child) it is known that an HIV-positive woman has a 50% chance of infecting her child [3] .
HIV and MTB have a somewhat synergistic relationship. The HIV/AIDS pandemic plays an important role in the resurgence of TB, increasing morbidity and mortality worldwide. It decreases the TB latency period, accelerating active disease in people infected with MTB. Namely, an HIV-positive person infected with MTB has a 50% chance of developing active TB, whereas an HIV-negative person has only a 10% chance of developing it [12] . The statistics of the two diseases show that, in 2010, 2.7 million people were infected with HIV and about 8.8 million were infected with TB. Of these, 13% were infected with HIV. The number of TB deaths associated with HIV was estimated on 1.1 million and 0.35 million HIV-negative people died from TB in 2010.
In this paper, we propose a model for HIV and TB coinfection. We consider two versions of the model, the integer order and the fractional order versions. The order of the fractional derivative is a, and for a ¼ 1, the fractional order version reduces to the integer order one. We consider vertical transmission from mother to child and treatment for both diseases. In Section 2, we describe the two versions of the model, compute the reproduction number and the local stability of the disease free equilibrium. We also sketch some bifurcation diagrams for the integer order version of the model. In Section 3, we analyze numerical simulations of the fractional order model, for different values of the order of the fractional derivative, a. Finally, in Section 4, we state the conclusions of our work.
Fractional calculus -brief summary
Fractional calculus (FC) [15, 23, 10, 24] has received increased attention by mathematicians and engineers, in the last few decades. Important applications of FC are, for example, in fluid mechanics [11] , electrochemistry [14] , engineering [9, 25, 22, 26, 1, 21, 20] , physics [13, 2] , and biology [16] [17] [18] [19] .
The definition of fractional order or non-integer order derivative is not unique. There are three important and well studied definitions, namely, the Riemann-Liouville, the Grünwald-Letnikov, and the Caputo formula [10, 15] . We will focus on the Grünwald-Letnikov (GL) derivative here, given by the following equation: a where ½x] means the integer part of x, and h represents the time step increment.
These definitions outline an important characteristic of fractional derivatives: they capture the history of the variable, or, by other words, that have memory, contrary to integer order derivatives, that are local operators. This characteristic makes them attractive in the modeling of memory-intense and delay systems.
The Grünwald-Letnikov formulation inspires a discrete-time algorithm, based on the approximation of the time increment h, through the sampling period T, and the series truncation at the rth order. This method is often denoted as Power Series Expansion (PSE) yielding the following equation in the z -domain:
where XðzÞ ¼ ZfxðtÞg and z and Z represent the z-transform variable and operator, respectively. The corresponding truncated series of r terms is:
In fact, expression (3) represents the Euler (or first backward difference) approximation in the s ! z discretisation scheme, being the Tustin approximation another possibility.
Description of model
The model for HIV and TB coinfection presented here, includes vertical transmission for HIV/AIDS and treatment for both diseases [27, 4, 8] .
The entire population is divided in five classes: the susceptible individuals, SðtÞ, the HIV infected individuals, IðtÞ, the HIV infected, showing symptoms of AIDS, individuals, AðtÞ, the TB infected individuals, IT ðtÞ, and the dually HIV and TB infected individuals, showing or not symptoms of AIDS, IHT ðtÞ. We assume that individuals with AIDS, A, and dually infected individuals, IHT , are aware of their condition and develop suitable precautionary measures, so that they cannot infect anyone else.
The population of size NðtÞ, at time t, has inflow, pN, of susceptibles, SðtÞ, where p is the recruitment rate. The natural mortality rate is l in all classes. Susceptible individuals, S, are infected with HIV, at a rate c1 b1 IS . They can acquire TB at a rate N , and move to class IT ðtÞ. Parameter b 1 is the sexual contact rate, c1 is the average number of sexual partners per person and per unit time, and b is the tuberculosis transmission rate.
A fraction of new born children are infected during birth and hence directly recruited into the infectious classes, IðtÞ, at a rate ð1 -EÞh. Other children die at birth ð0 6 E 6 1Þ, where E is the fraction of newborns infected with HIV who dies immediately after birth, and h is the rate of newborns infected with HIV. Infected HIV individuals, IðtÞ, move, at a rate d, to the AIDS class, A. They may also progress to class IHT ðtÞ, by acquiring TB, at a rate b3 IIT , where b P b. Note that TB is an airborne transmitted disease, so HIV infected individuals with lowered immunity system are more susceptible to acquire and develop TB.
Individuals with AIDS, A, are treated at a rate m, and die because of AIDS at a rate d1 .
Individuals infected with TB, IT ðtÞ, are assumed to take enough care so that they are not infected with other diseases, so there is no HIV coinfection. They can be treated for TB and move to the susceptible class at a rate t2 , or die at a rate d2 .
Dually infected with HIV/AIDS and TB individuals, ITH ðtÞ, are treated for TB and move to the IðtÞ class, at a rate t1 . They die from the two diseases at a rate d3 . Note that d3 > d2 þ d1 , due to more severity of the diseases in the case of coinfection.
The schematic diagram of the proposed model can be found in Fig. 1 . The integer order system of ordinary differential equations for the proposed model is: The corresponding fractional (non-integer) order system is given by:
where a1 ; ... ; a5 2 ½0:78; 1:0], is the order of the fractional derivative. For a ¼ 1, we obtain model (6).
Reproduction numbers and stability of disease-free equilibria
In this subsection, we compute the reproduction number, R0 , of model (6) . The basic reproduction number is the number of secondary infections due to a single infection, in a completely susceptible population.
We begin by considering the following two sub-models of model (6) . Model (6) is derived from model (6) by setting the variables concerning HIV dynamics (i; a and iTH ) to zero. Model (10) follows from model (6) by setting the variables concerning TB dynamics (iT and iTH ) to zero.
We begin by computing the reproduction number, RTB , of system (6). We use the next generation method [5] .
The disease-free equilibrium of model (6) is given by:
We now compute the stability of the disease-free equilibrium P 1 of the TB submodel (6). The jacobian matrix corresponding to system (6), around the disease free-equilibrium P 1 , is given by:
The two eigenvalues of matrix M are easily obtained and are given by:
For the disease-free equilibrium P 1 to be asymptotically stable, these eigenvalues must be negative. As such:
The associative basic reproduction number is, thus, given by:
. The disease-free equilibrium P 1 is locally asymptotically stable if RTB < 1 and unstable if RTB > 1.
We proceed with the computation of the reproduction number, RHIV , of model (10) given by:
The disease-free equilibrium state P 2 of model (10) is computed to be:
Using the notation of [5] , matrices for the new infection terms, F, and the other terms, V, are the following:
The associative basic reproduction number is given by:
where q indicates the spectral radius of FV -1 . By Theorem 2 [5] , we obtain the following lemma.
Lemma 2. The disease-free equilibrium P 2 is locally asymptotically stable if RHIV < 1 and unstable if RHIV > 1. We now proceed with the calculation of the reproduction number, R0 , of the full model (4). The disease-free equilibrium state P0 of model (4) is given by:
Using the notation in [5] on system (4), matrices for the new infection terms, F, and the other terms, V, are given by:
The associative basic reproduction number is thus:
Lemma 3. The disease-free equilibrium P0 is locally asymptotically stable if R0 < 1 and unstable if R0 > 1.
Bifurcation diagrams of the integer order model (4)
In this subsection we show some bifurcation diagrams for the integer model (4). We use XPPAUT [6] to build the bifurcation diagrams. We vary parameters c1 , the average number of sexual partners per person and per unit time, and b the tuberculosis transmission rate. Fig. 2 shows a sketch of the bifurcation diagram for different values of c1 , the average number of sexual partners per person and per unit time. We start from a disease-free equilibrium at c1 ¼ 0:86 and increase the value of c1 . At c1 ¼ 3:434, there is a bifurcation point (1), at which the model bifurcates to the stable HIV endemic equilibrium. This means that increasing the number of sexual partners of susceptible individuals will, as expected, translate in new cases of HIV infections. Fig. 3 shows the sketch of the bifurcation diagram for different values of b, the tuberculosis transmission rate. We start from a disease-free equilibrium and increase b. At b ¼ 0:6625 (point 1), there is a bifurcation point, where the model bifurcates to the stable TB endemic equilibrium. This means that increasing the tuberculosis transmission rate will promote the appearance of new cases of TB, this is a biologically reasonable outcome. Table 1 Parameters used in the numerical simulations of model (7).
Parameter Value
Numerical results
In this section, we analyze several numerical simulations of model (7). We study the dynamical behavior of the model for variation of the non integer order derivative a 2 ½0:78;
The parameter values used in the simulations can be found in Table 1 and the adopted initial conditions are sð0Þ ¼ 0:43; ið0Þ ¼ 0:35; að0Þ ¼ 0; iT ð0Þ ¼ 0:15 and iTH 0 ¼ 0:07. For the numerical implementation of the fractional order derivatives, a series expansion based on the Grünwald-Letnikov definition was adopted.
In Fig. 4 , we plot the dynamics of the variables of system (7), for a 2 ½0:78; 1:0]. We observe that, for the given parameters values and initial conditions, the model approaches asymptotically the stable disease-free equilibrium. Fig. 4 . Disease-free equilibrium of system (7) for variation of the order of the fractional derivative a 2 ½0:78; 1:0]. Parameter values are as in Table 1 and initial conditions are as adopted. Fig. 5 . HIV endemic equilibrium of system (7) for variation of the order of the fractional derivative a 2 ½0:78; 1:0]. Parameter values are as in Table 1, except for b1 ¼ 0:4, and initial conditions are as adopted.
Figs. 5 and 6, depict the dynamics of the HIV endemic equilibrium and of the TB endemic equilibrium, respectively, of system (7), for distinct values of a 2 ½0:78; 1:0]. We increased the value of sexual contact rate, to b 1 ¼ 0:4 in Fig. 5 . In   Fig. 6 , we increased the value of the TB transmission rate to b ¼ 0:68. All other parameters are as in Table 1 . Fig. 6 . TB endemic equilibrium of system (7) for variation of the order of the fractional derivative a 2 ½0:78; 1:0]. Parameter values are as in Table 1, except for b ¼ 0:68, and initial conditions are as adopted.
We observe that the results of the fractional order version of the model reveal that the dynamical evolution produces new types of transients. Namely, we observe fastest transients for smaller values of a 2 ½0:78; 1:0]. This is a typical behavior of the fractional order systems. Another interesting fact is that the order of the fractional order, a, seems to play the role of a 'bifurcation parameter'. In fact, Fig. 7 depicts a transition from a stable full endemic equilibrium to a stable HIV endemic equilibrium. Biologically this would mean that people recover from TB and that the two deadly diseases cannot coexist for longer periods in the population [8] . Fig. 7 . Endemic equilibria of system (7) for variation of the order of the fractional derivative a 2 ½0:78; 1:0]. Parameter values are as in Table 1 , except for b1 ¼ 0:24 and b ¼ 0:69, and initial conditions are as adopted.
Conclusion
We proposed integer order and fractional order versions of an HIV and TB coinfection model. The model includes vertical transmission for HIV and treatment for both diseases. The reproduction number and the stability of the disease-free equilibrium were computed for the integer order model. Moreover, some bifurcation diagrams were drawn, using XPPAUT. Simulations of the fractional order model were carried out, for distinct values of the order of the fractional derivative. The results unravel new types of transients and an interesting fact, namely, the order of the fractional derivative might be seen as a 'bifurcation parameter' for the model. We conclude that the dynamics of the integer and the fractional order versions of the model are very rich and that together these versions may provide a better understanding of the dynamics of HIV and TB coinfection.
